CONIC SECTIONS Unit 5 Notes

_ Parabolas
Parabolas with Vertex (h, k)

Transformation Equation (:c—h)2 =d4a(y-k) (y—k)' =4da(x—h)
0 Down if a<0 Leftifa<O

e Upifas0 Right if a> 0
AXis of Symmetry x=h y = k
Circles

f Circles with Center (h, k)

General Equation (x—h) +(y—k) =r?
Radius r |
Ellipses

Ellipses with Center (h, kY a >_t_3_) a*~b*=c”*

2 2 e 5 2
| Standard Equation { b= hY v k) @ k=) y_ﬁk) @
a’ b* b’ a’

;. horizontal = a horizontal = b
Radii . .
| vertical = b vertical = a

Hyperbolas

e oRt e P i
Hyperbolas with center (h, k) Cais always first) O« L=c?

2 27— 3 - >
Standard equation (x ‘f’) ~ ‘f‘) @ 1] —zk )C_/\(‘ ~h) @

a2~ p a b’
Vertices (h £ a, k) (h,k+a)
Asymptotes from the P 5. y =l
center a b
Opens Left and Right Up and Down

Classifying Conic Sections

} Equations Circles | Parabolas Ellipse | Hyperbola
S [ Ax3+CyZ+Dx+Ey+F=O A=C AC =0, both are not 0 A =0 AC <0




Parabolas
General Forms of the Equation of a Parabola with Vertex (h,k)

a = Distance from Focus to Vertex a = Distance from Vertex to Directrix
| Equation Descrip?ion Picture |
(y - k)z =4 (x = h) Axis of S}!n?lizltlfy‘ifr}:ﬁel to x-axis <
= k)z =—4a(x~h) Axis of Sym?l}f:t?; I;;a?rf;llel to x-axis >
(x- h)z =4a(y-k) Axis of S}'lnglifg?}‘ilf;llel to y-axis el
(x- hf =—4a(y-k) Axis of Syrfl)gfginp(;?;;iel to y-axis N

20

l’—” Axas of Symmetry

Focus

Latus Rectum

|
e
v

Directrix

Hyperbola

transverse
axis slop

conjugate
axis slope

transverse
axis

a = distance from center to vertices
¢ = distance from center t0 foci
b used to find the width of branches and slope of asymptotes

conjugate
axis



Ellipse

Standard Form of the Equation of an Ellipse with Center at ( h,k)

Equation Description Picture

_|

(x=h)  (y=k)

N Major axis parallel to x-axis @

a>b>0and a’-b> =c?

2 2
G=n) 08 _ | |
b2 a Major axis parallel to y-axis
a>b>0anda’-b* =¢’

a = Distance from center to vertices
b = Distance from center to covertices
c = Distance from center to foci

Minor Axis

F, Center |
@

(4]

Distance Formula Midpoint Formula

b

2 2

d=\/(x2—x,)2+(y2_y[)2 [xl""xz y]"‘Jﬁ)




Sec Math 2H — 5.2 Notes
The Parabola

Objectives:

o Find the equation of a parabola given the focus and the
directrix; where the directrix is parallel to either of the
coordinate axes.

o Sketch the graph of a parabola given the equation.

Parabola: The collection of all points P in the plane that are the same
distance from a fixed point F, called the focus of the parabola, as they
are from a fixed line D, called the directrix of the parabola.

Axis of Symmetry: The line through the focus F and perpendicular to the directrix D.

Vertex: The point of intersection of the parabola with its axis of symmetry.

General Forms of the Equation of a Parabola with Vertex (h,k)

d{F P)
s

Direclrix I}

a = Distance from Focus to Vertex a = Distance from Vertex to Directrix
( Equation Descrip?ian Picture —-\
(y=k) =4alx=h) | pgisof Syn?rlr)leelt]:yfi}lfrtlltflel to x-axis <
(y=k) =—4a(x=h) | axisof Sym?rI}):tI;}Sf I;zg;llel to x-axis >
(x—h) =4a(y=k) | axis of Symglrf):fg:s]:[)ﬁ;llel to y-axis 7
S h)g =—4a(y-F) Axis of Sygﬁf;:y%?:;iel to y-axis N ]

L

Latus Rectum: The line segment with endpoints on the parabola that passes through the focus
and is perpendicular to the axis of symmetry. Each of the endpoints is at a distance of 2a from

the focus.

2a

\l_/ — Awis of Symmetry
Focus

A

e

Latus Rectum

ﬂ’ru-é‘(—ﬂ—?’\
v : '

Directrix

QY7
R

7



Paraboloid of Revolution: A surface formed by rotating a parabola about its axis of symmetry.

Suppose a mirror is shaped like a paraboloid of revolution. If a light (or other radiation source) is
placed at the focus of the parabola, all the rays emanating from the li ght will reflect off the
mirror in lines parallel to the axis of symmetry.

Conversely, when rays of light from a distant source strike the surface of a parabolic mirror, they
are reflected to a single point at the focus. This fact is used in the design of telescopes and other
optical devices.

Light at
focus

Review Problems

Complete the square and write in factored form.

|
1. yz-l_;ly+ﬁ X y2+§y+§_
o5 T
2 — T
3
(y-"1) ¥ o
(gt
Write the equations of the parabola in standard form by completing the square.
3. x=)"—8y+5 4. y=x2—5x+%
2 ol 25
XK=5=Y=Fy+(b Hfg—xz-sx*‘q:
Tle ) +25 T2
Xt = (y-o)3 . &
+ 29 = -
or 3 -cC (Y* 5{)

(lj_.._ep‘z l(‘l-—H!) 3*9:(}t“-§;>2

(% —:‘z})L:l(gf (o)



Determine the direction of opening, vertex, the focal width, focus, directrix, value of a and
the axis of symmetry.

5. (x+9)° =16(y—4) 68. y° =-8(x—10)
Direction of opening A ? Direction of opening ‘QH
Vertex_(_"'q”, '4.‘) Vertex ClO ’ D)
Focal Width [ (@ Focal Width__©
a= ‘+ a=_ = pR
focus (=4, 33 focus (‘K .Q\
| 2 2
axis of symmetry_ ¥ = _,cr axis of symmetry 3 s O
WO? dlirectrix _ X = (2. a
f !
aiiiat i::sz:.. ﬁ_t_
;

Examples: Graph the following parabolas. State the vertex, focus, axis symmet% directrix,
length of latus rectum (focal width), and direction of opening.

7. %" =8(y-2) Y
10 A

L2 ] ]
Direction of opening_(A{@ - ‘ . EEn
Vertex_ [ O, )_.\ — = /

R )

Focal Width_ 3 PN H T T
a= - . I .

Focus (ol*\ . ( _% ) 3 - g
7’

Directrix__ U= O 3 gf 5




—

8. (y+1)’ =-16(x-4)

Direction of opening lel £

Venexl L,", > \B

Focal Width | lg

o i

Focus (D."l)

Directrix x < 8

9. (y+3) =4(x-4)

Direction of opening ¥ | 4 h+

Vertex i""{ - 3)

Focal Width
a=_ |
Focus ( ‘:7 / - 3)

(})
(¥Y)

Directrix ¥

10
g_ v
) 4l
& {
B \
\
\
. > X
=5 /I 10
P y
- / 2
/
/ o
1 i-/l
ol 4
J
1
i §
I PaN
LS
- — X
5 10
5 N
1 A/
T \v




10. x3—4x4_r_X:_12y_12-¢+
' 8
8

TTTTTTRE T
| L L
()M'J = CiEy=a T SRS
(\‘"2') = - ?-(3-&-\) A .
Dll'eCUOI'l ofopenmg 1‘3\-0 W r\ __ ““:_m -t :'_— L _ ----- . __?
Vertex [ 2=, = \\ BEREEREEE .
- | i iy _ :_‘/ W
Focal Width_ {2 —JOT T =00 A 10
A T PN
a= = _ y Al c 1\\
. (1,_.!,-:.{-) EEE/AEEEEE NN
v

Directrix U =

Examples: Find the equation of the parabola described. Find the two points that define the latus
rectum and graph the equation.

11. Vertex: (0.0); Focus: (0,2)

y
oA

Direction of '
recti opening_ (A P z . _1 } T
Which equation should you use B N " L.
(xw) & da(y-1< ) T E - y
NEER W 1 IA

Vertex (h.k) (O 0 \ & | /11
Focus (O, 2-\ : -

: / s S - -
a= 2= i
Focal Width 8

Equation: ( ‘ﬁ"o) L"‘ K(Lj;0>
K== 8y




12. Vertex: (3,-2); Focus: (3,

Direction of opening U.P

2)

Which equation should you use

( x—-h}lr Yaly-k)

Vertex (h.k) (3_. "")_.)
Focus 4( 3! ?—-)

- U

Focal Width | (o

2
Equation: (X"‘ 3) |

13. Vertex: (-1,4); Directrix:

ofy+2)
o 7

x=1

Direction of openingA(_Qfﬁ_‘

Which equation should you use

Lﬂ"K)l: Ya(x— (n)

Vertex (h.k) ( --(', '-{-')

Focu _("3, "{">
o

a:

Focal Width &

=1
Equation: ﬁg - ’-(-) -

~8(x+1)

Y
1
E E
5
S
b T < X
—TIf =5 10
: 5
- ~
oy
1
1
NG
*—
48 /
/
B > X
2 7 5 10
[~
5. B
1
1




14. Vertex: (0,-1); Axis of Symmetry: y-axis; Contains the point (2,0)

Y
Direction of opening__ U f) 1T T 1 ‘% =
Which equation should you use A 1
> - e
FOSARER ZUVETA 5
i\ ]
Vertex (hk) (0, = ( BN | /
. ] /
Focus {OE O> # ;
a=_| A=) 1
Focal Width I+ "—5 '
1 i
1

Equation: _()L"'O>z - 4(3* I)
x* =t (y+1)




Sec Math 2H — 5.3 Notes

The Hyperbola
Objectives:
¢ Find the equation of a hyperbola given the foci and the
vertices ‘%
e Sketch the graph of a hyperbola, given the equation. Conjugate
axis \ Transverse
\-\ /axis
Hyperbola: The collection of all points in the plane, the difference % V},\/’ Fa
of whose distances from two fixed points, called the foci, is a )/\

T,

constant. b2 Cen:r\\
. - _ 7R\
Transverse Axis: The line containing the foci. \ \
i
!

Center: The midpoint of the line segment joining the foci.
Conjugate Axis: The line through the center and perpendicular to the transverse axis.

Branches: The separate curves of the hyperbola. They are symmetric with respect to the
transverse axis, conjugate axis, and center.

Vertices: The points of intersection of the hyperbola and the transverse axis.

conjugate fransverse i
axis slope = —3 axis slope =7

*

: N\ T
AN
\\%ﬁ il

alii

transverse

conjugate
axis

i C
! | :
/ axis
/ £ b |
L

v/
=k? (x=h) _,
2+b2_ 2 az bz
& = a +b* =’

a = distance from center to vertices
¢ = distance from center to foci
b used to find the width of branches and slope of asymptotes

change in y

When finding the equations of the asymptotes, remember that m = . then use point

change in x
slope form y—y, =m(x~x,) with the center (h,k) as (x, ).



i R
a‘+b*=c
Examples: Find the center, transverse axis, vertices, foci, and the slope of the asymptotes. Graph
each equation.

L. %-%2:1 opewns up/dowon
4
Center: (0= O) : 10 A g
a= q' \L\ |
b= 2 | | %@ -
t gtz ety =20 slzo T
et ] 5 an
Vertices: (O'Le; (0;""{‘) _() """"" —5 ;, “\]]i 5 10
Foci: (O= J"):O)J (O'.'&O) - PN
. i
Slope of the Asymptotes: -!i‘: 4 '%.' | 4 ;
2, -2
¥ . o) S \
5o pers [efr/mght
Yy
Center: CO“ D> Rﬁ’ . ;1_
LNERLT L L
a= 3 b WET ;ﬂ
b=__ 5 <. \1\5 ya
5 W 1 -
2 3% 5™ q+25:=34 c=\£€+ : \ \‘y [
-§3 -
VerticeS:L.}.D) \ (‘3, O) IpmERAEL P e el
v 7 4 .—LI —s T \, k ? IO
Foci: ((3‘4‘, O\ ; ('\J’éq’. O\ _ / - . |
s N i S LA d \_‘\\ Lot
Slope of the Asymptotes: é‘ L -é—_ 7 N
e & 4 10 AN




Sec Math 2H - 5.3 Notes
The Hyperbola

2 2 2._ - ) (eﬁ/r‘t ht
3.34%—?9,&_55 = % [ pns y3

Center: (O, O) 1A
a=_3
b=_2 STTP 4
E3% b2 943 c=J13 N

3| | BB GRS ¥
Verices: (3,0Y) ' (-3, 0) 1A HT N H
Foclf\l"?,o\ (ﬁa) s N
Slope of the Asymptotes. -2= % _____ oy ¢
g (yza)z_(x-gz)zzl opens wpeldown 3
Center: _(° 2, -3) o ok
a= %= 5
b=_3 NUN A ;
EL+3"=4+49=(3 cefz < : == -+
Vertices: (5, 3\ ("'{ -?ﬂ N L £ = ‘>‘€; ; i
Foci: (2 "'3""\)—3) (2- j"\]—‘b) - % T \M
Slope of the Asymptotes: 21 -2 AL A

3T 3




Examples: Write an equation in standard form of the hyperb

5. Foci are at (0, -2) and (0, 2); Vertices are at (0,-1) and (0, 1)

ola described.

hich qilations should you use? op@/\q VP ‘ d'o w ™ i 4
“K) = (=) 10 A
= o= - HH
l .
Center: fO=O) . | s
EANNE (RN
a=__\ N Z
B i s ™ ; & i
- Pakls g B3 bela P
3 s R
c= 2— . ,;I; _\ L : T
| S |
Vertices: (O; -"‘l) J‘ (.Di \\, -
. N ;
Foci: _( Q, 2_.\, ((_')_,2./ oy
Slope of the Asymptotes: Y - ""-L-
V3 7 V3
a
Equation _fé—— "'___)‘-%... = l
l 2
6. Vertices are at (-4, 0) and (4, 0); Conjugate axis length is 10.
Which equations should you use? 0 PQ’“‘ ‘Q‘F‘( / i o
(x=h2_ (n—\* J
as -ﬂ——l = | Y
* e 1o A - %
Center:iol O) ,:‘--\ 7
-4 NS
- 5 Eest 1aseEdsar
l i 5
2 2 g%z (pras=tl CEVi| ___ BerSRaE SEESR
6.40 —TOTEgrE
Vertices: ("’L{",_ D);( . b) i AN e
L L] / J - =
FOCi: /m O\ : (-—\)T'-{:\l Ol _/ .__{__ _..,1_... S 1 -+ e
= — e vl A | "N/
- { n
Slope of the Asymptotes: =, -S" 16
& e 2
2 p g
Equation B %f— - \

(o W




7. Fociareat (1,9) and (1, 1); Vertices are at (1, 7) and (1, 3)
Opans U doton
Which equ%t.ions should y02u- use? P ! h%
{ g—*KS —(X=n)"_
=] 2 L= - l

1
r\':; hl + I J[ e
Center: C[, S\ " ~.% ’*/'
i i AR
a=_2- ‘: EEET
*r2zy? ‘ 4> TR
b & g = 7212 b=l 1o [
b =1 346 Ao A P X
o= .'l' . __g L 0
<
Vertices: ((i‘l)‘; ({,33 S
Foci:i[: Q)i' (L [) < ; = 4t

Slope of the Asymptotes: .2-'-- o

ViatJm
Equation (O!‘Sf- (%-1)23‘

4 [

8. Foci are at (8, -4) and (-4, -4); Vertices are at (7,-4) and (-3, -4) OPZ,?\S' ‘ Q:@l' { rig\r‘\""

Which equations should you use?

(ep)” - (g | )

o
Center: ( +, ""‘"(')
= 5 5
a p . % . NNy - ~ /a
b=_ S o L=l la-:J;T; e s
= b
X
= (ﬂ ] &\ ;.. . T 5
i o 'y Pi 10
Vertices: (_’; "'"“(') '; (‘3; """') 5 x = N
F()Ci:;(gf il l‘{‘) ; (-—-Lf—; -I.{-)_ -1 7 y _‘—T <= __.'@' \..\
Slope of the Asymptotes: ms—r . J';I - & t N 3

R 2
Equation _(__K_H - ( Y+ 4‘) =

. T T




Sec Math 2H — 5.4 Notes
The Ellipse

Objectives:

o Given the general equation of an ellipse, identify the foci and vertices.

e Given the foci and the vertices of an ellipse, write an equation for the ellipse.
e Sketch the graph of a circle, given the equation.

Ellipse: The collection of all points in the plane, the sum of whose distances

from two fixed points, called the foci, F1 and F2, is a constant. P
107 GXiS

Major axis

Major Axis: The line containing the foci. N\
Center: The midpoint of the line segment joining the two foci.

Minor Axis: The line through the center and perpendicular to the major axis.
Vertices: The points of intersection of the ellipse and the major axis.

Covertices: The points of intersection of the ellipse and the minor axis.

Standard Form of the Equation of an Ellipse with Center at (h,k)

Equation Description Picture
(x=h) =k _,

7z B Major axis parallel to x-axis @

ash>0ada’ -5 =¢ |

(x=h) (=K _,
b’ 2 Major axis parallel to y-axis

a>b>0andd’—b’=¢’

a = Distance from center to vertices
b = Distance from center to covertices
¢ = Distance from center to foci

Minor AXis
M

|

~ Major Axis

v,

¥



Examples: Find the center, foci, and vertices of each elhpse Graph each equation.
1. f_ % Z__ = Y
9 4

S
oy
-

. O < { > X
2 BN 5 .y - | | 4 B _1_3
2. ] .

W

2
16 36 ¥
il

Center:4{0= D) | | : 5 T 3 s
=_{g J’f"‘\ 3
b= Y4 i :
= B =42 Y- (o= 20 ("ﬂit?-,‘ JRSEEd cenddcar s tP
vertices: [le >" t ()F-Sa] ! I'=.
foci: [ T A _‘_‘_“/ B O e
o (0,20%), (o-208) LI T




" (x+1)' +(y—2) oy
81 49

Center: (""! 2.)
-9

b=_"]
tq%-1*=gl- '-\"’i 32 C"\]E:a-
56
vertices: (8, 1—\ -10,° ‘]_\

foci: L-'H'qd"?-;"l:) ; (-[" _Z.,l}

Center: [ o, "‘2—)
= {18 =3[2- = ¥24
=2 = st

c-rﬁ\ (J?-] §-25b C=4 <

vertices: ((3,~ ?—*‘?ri) f3 -—2-3{')

foci: (3 2.\ (3 "(o\




Examples: Write the standard equation of the ellipse having the given characteristics.

5. Foci at (0,-2) and (0, 2); Vertices at (0,—6) and (0, 6)

y
Which equation should you use? ' AN
u “+(y-) = =  HE T
~ —e=— EEES S
Center: (O, O\ :,?1'5 ‘\‘
=_[p RSy SEENLanuRE HEEE
2 >
=272 Q% 3252 befzn=§ N
o= 2 Tlee b N
0 B __,'E z"}_ s
verices: (0, =), (3, ) R
foci: _ | Ql-—l_){.. (O=l> | l{}va &
Equation: Kl -+ ‘42 = |
32 3b
6. Foci at (3, -6) and (3, 2); Vertices at (3, -7) and (3.3)
Which equ%_on should ycnuJ &e? 1 ,{
b —q+ l _
Center: t 5|-2_,| 1 B e i
&= 5 : e / & __
% A, ,* 2. o e R g 3 i
= 9=b ¢4 L*zq (=3 . -+ > x
= Y Ve BE 50 K
vertices: 13 _IS ( 5 3) E 5\\:;‘ ,/ )
foci: | 5I -—Q) . (3 25! L et j“_ W
1o
/

Equation:(x—_%z L+ (—12'11: |
C.'

29




7. Vertices: (-5, 1) and (3, 1) - Minor axis length is 6.

Which equation should you use?
e = li\ug ke |

__ﬁ_

Center: (-—-I {3

|

!

c=

= oo ]

b=_3% o -
-

: i

43 = (b-4=T1 c=/1

vertices: ( S (\ (3 IB
foci: (=1 =, 1\ (=10, 1)

Equation: (\L"’f"\l'i' (M""l\l = |
J - / :
| o 9

8. Endpoints of axes are: (-5, 0), (5.0), (0,-4) and (0, 4)

Whlch equenion should you SSE‘

_ﬁ,t_
Y D\

Center:
=_ 5
L&.
g*-ut z25-1,29 C=3
(-5.0), (5 o)

foi (-3 = Tl o)

b=

-
C::

vertices:

S
¥ Yy

Equation:

>
~
=

I

s o




Sec Math 2H — 5.5 Notes
Circles
Objectives:
e Sketch the graph of a circle, given the equation.
* Given the general equation of a circle, complete the square to find the center.

Circles
Circles with Center (h, k)
General Equation (x=h) +(y—k) =
\ Radius r

Circle: The set of all points in the xy-plane that are a fixed distance r. called the radius, from a
fixed point (/.k), called the center of the circle.

Standard Form of the Equation of a Circle with radius 7 and center (k,k) :
(x=h) +(y=k) =1

General Form of the Equation of a Cirele:
X+ )y +ax+by+c=0

To find the standard form of the equation of a circle when you know the general form, complete
the square for both x and y.

Distance Formula Midpoint Formula
d= - Vs i Yt Wty )
‘/ %) =) ( 2 ° 2

Example: Find the distance between the two given points.
B =(-2, 10)and P, = (5, 4) 2. B=(3, -6) and P, = (-5, -7)
d = (52 (g0} = -5
T =z TVERY. L) = fod
"N¥S =9.22 = (bs = %.006

Example: Find the midpoint of the given points.

3. B=(3, -6)and P, = (-5, 8) 4. B =(-3,5)and P, =(1, 8)

B2 (ew)(ey

-:('-l-/() :(,.l}%



5. Example: Write the standard form of the equation of the circle with radius » =4 and center

(h.k)=(4.-3). Then graph the circle. ( \("‘A)l'\" (‘j__\<>2 =r p =

Equation: @f'—\a\l‘l‘ ( 5—\*3)1: lo

Examples: Find the center (h,k) and radius  of each circle, graph the circle.

6. (x+1) +(y-2) =25 7. x*+(y+6) =20

center: ("" (, 7-) center: ( 0,~ (Q)_

radius:

) radius: \[‘Q-O = U4
b i

(o

P
.

_./

EEEL N
|

;’d\.i

Sl
i
[




Examples: Complete the square.

8. x*-8x+7=0
2B xtle=-1
X _*x A

(v-4)*= 9

Examples: Find the center (h,k) and radius r of cach circle, graph the circle.

(%-3)2+ (y-1)*= |

8. x*+)? —6x+2y+9=0 y
X;'(ﬂK*cr-l-j:'('zfj-H :.-ﬁ'["cf-lr( 19/\ i
-3 -
center: ( 3', ( 5
—af e § b f 8 5 - P
radius: ‘ &
< B> X
—1€ =5 ; |
S
10l
TRy
Examples: Find the radius if the diameter is given.
9. d=8 10. d=7 11. d=+6
F=y r=3.s F=Ve = (22
o

Examples: Find the standard form of the equation of each circle.

9. Center at (-3,5) and a diameter of 24.

Center:;(-’ai 5)

Radius: l 2=

p
Equation: (\L—P 3) e (3" S)E: |"+L"




10. Center at (1,0) and containing the point (-3,2).
Center: 4@ , O)
p S
Radius: ds \i(‘é*(\l-{-(l-o) = \J?—-q.)z'_q. 2.2'

Usedistmnee ::d\(p.*.u( = J’io

Vv Al eu
Equation: L\L-— () a “* 5 L~ 20

11. Endpoints of a diameter at (4,3) and (0.1).

et £2)= (4 )=(2D) (43)

P fa" -
4 A
Radius:
uee dictnce
'@’f A \ao

2 >
Equation: «3) i 4=2.) =
quation ( S ) ( 3 5

A= J(z-o)’"-t-(z.-t)": J2h 1>

s




